The method based on the continuous wavelet transformation to detect and characterize two-dimensional vortex is analyzed for a synthetic flow and applied to vortex detection of propeller wake. The characteristics of a vortex, such as center location, core radius, and circulation, are extracted based on the Lamb-Oseen and Rankine vortex models, the latter of which is a novel attempt. The effects of various factors such as the difference scheme, the grid and scale discretization, transform variable, and vortex model on vortex detection have been investigated thoroughly. The method is further applied to identify the tip vortex in a propeller wake.
Introduction
Vortical structures exist widely in nature and engineering applications, either harmful or beneficial. Examples include vortex from wing-tip and fuselage of large airplane which may influence flight safety of the following successive aircraft, vortex shed from rotating rotor that could induce strong vibration of the structure and generate severe noise, and vortex rings generated by a jet which can enhance mixing and transportation process significantly.
Despite the universal existence in fluid dynamics, there is no widely accepted mathematic definition for vortex; instead several criteria [1] [2] [3] [4] [5] [6] [7] were developed to identify vortex from velocity fields which can be obtained from either PIV measurement or numerical simulation. For detection and quantitative characterization of vortex from two-dimensional velocity vector fields, for example, vortex center location, radius, and circulation, Vollmers [8] made a detailed review on common used methods, but some disadvantages exist to limit the usage of these techniques, such as manually selected threshold and the robustness to the numerical/experiment error. Therefore, an automatic and robust method for vortex detection and characterization is still needed.
Wavelet transform is a kind of signal analysis method and is extensively used in recent years. Compared to Fourier transform and short-time Fourier transform, wavelet transform has a larger range of applications, because the signals from the time domain and frequency domain can be analyzed simultaneously. Farge [9, 10] introduced the method of continuous wavelet transform (CWT) to fluid mechanics especially for turbulence research for the first time. Afterwards, the wavelet method has been widely used for detection of coherent structures in various turbulent flows [11] [12] [13] [14] [15] [16] . Schram and colleagues [17] [18] [19] were the first to extract quantitative vortex characteristics using the CWT method. Varun et al. [20] improved the algorithm to capture the vortex shape accurately and achieve automatic batch processing of vortex. Cierpka et al. [21] [22] [23] applied the method to some aerodynamic separated flows. In addition, Perret [24] proposed a new CWT based vortex detection method by using the swirling strength as the transform variable.
In this paper, we give a new CWT based vortex detection method by using the Rankine vortex model in addition to the commonly used Lamb-Oseen model. We perform a comprehensive study of the detection method for a synthetic flow, to investigate the effects of difference scheme, grid and scale discretization, transform variable, and vortex model on the detection results. This kind of analysis is still lacking in literature. Then the method is adopted to detect and characterize the tip vortex from the PIV data of a propeller wake. The conclusions of the paper are drawn in the final part.
The Vortex Detection Method

The Continuous Wavelet
Transform. The wavelet transform is an effective technique to extract weak signal submerged in noise. The continuous wavelet transform (CWT) uses localized mother wavelet to expand the signal along space, scale, and direction [10] . In an -dimensional space, the continuous wavelet transform of a function (x) is defined as
in which Ψ * ,x , (x) is the mother wavelet function, x thedimensional coordinate, the scale factor, x the translation parameter, the transform angle, and Ω the infinitedimensional space as the integral range.
The selection of the mother wavelet generally depends on the local distribution of target signal. For a two-dimensional vortex, the vorticity distribution around the vortex core is usually regarded as the Gaussian form. Therefore, the 2D Mexican hat function (Marr wavelet) is usually used as the mother wavelet for vortex detection
where = √( − ) 2 + ( − ) 2 . In literature, there are several choices for the transform function ( , ), such as the vorticity field , the enstrophy (square of vorticity) 2 , and the second invariant of the velocity gradient tensor. Their expressions in the twodimensional Cartesian coordinate are
in the cylindrical coordinate. The derivatives in (3) can be approximately evaluated by the standard 2nd-order central difference scheme, the 3rd-order Richardson scheme, or the velocity moment method.
The wavelet transform is calculated using two-dimensional fast Fourier transform for the convolution in (1). The vortex is detected and the characteristics of the vortex are calculated through searching local maximum of the transformed results.
Vortex Detection Method Based on CWT and Lamb-Oseen
Vortex Model. For the quantitative characterization of twodimensional vortex, it is always assumed that the vortex obeys an analytical model, such as the Lamb-Oseen vortex model [25] [26] [27] which is most widely adopted, as
where is the tangential velocity, the distance from a point to the vortex center, a parameter related to vortex radius, and Γ the circulation of the vortex. At the edge of vortex, the tangential velocity approaches the local maximum, which leads to the vortex radius = 1.585 . The circulation Γ of the Lamb-Oseen vortex satisfies
where is the maximum vorticity at the centroid of the vortex.
By substituting the vorticity of the Lamb-Oseen vortex model equation (5) and the Marr wavelet equation (2) into the wavelet transform equation (1), one can obtain
⟨Ψ | ⟩ − achieves its maximum when = √ 3 , and therefore the radius of the vortex satisfies = 1.585 = 0.915 .
By substituting the enstrophy of the Lamb-Oseen vortex model equation (5) and the Marr wavelet equation (2) into the wavelet transform equation (1), we can obtain
It also can be found that ⟨Ψ | 2 ⟩ − achieves its maximum when = ( √ 6/2) . Then the radius of the vortex core is = 1.585 = 1.294 .
If the second invariant of velocity gradient tensor is used for wavelet transformation, we can get
And ⟨Ψ | ⟩ − achieves its maximum when = 1.095 . Thus the radius of vortex core is = 1.585 = 1.447 .
Vortex Detection Method Based on CWT and Rankine
Vortex Model. The Rankine model [25] [26] [27] is another wellknown two-dimensional analytical vortex solution, which combines a solid vortex core and an inviscid outer flow. The tangential velocity and vorticity distributions of the Rankine vortex are
The circulation Γ of the Rankine vortex satisfies
where is the vorticity in the core region of the vortex. By substituting the vorticity, enstrophy, and the velocity gradient tensor's second invariant of the Rankine vortex model equations (10) and the Marr wavelet equation (2) into the wavelet transform equation (1), we obtain ⟨Ψ | ⟩ and ⟨Ψ | 2 ⟩ reach their peaks when = , while ⟨Ψ | ⟩ achieves its maximum when = 1.510 .
Vortex Detection for Synthetic Flow
In this section, we study the effectiveness of the wavelet based vortex detection and characterization method by applying it to a synthetic flow, which was introduced by Schram et al. [19] firstly. The synthetic flow extends from −1 to 1 in both and directions and is superimposed by three Lamb-Oseen vortices and a hyperbolic tangent shear layer. The values of these parameters for three Lamb-Oseen vortices are listed in Table 1 . And the velocity distribution of the hyperbolic shear layer is
The velocity vector field and vorticity contour of the synthetic flow are displayed in Figure 1 .
Effect of Difference
Scheme. The effect of difference scheme for velocity derivative approximation on vortex detection result is investigated here, including the central difference scheme (CDS), the Richardson difference scheme (RDS), and the velocity moment method (VMM). Detection was carried out on a relatively coarse grid (51 × 51) using the Lamb-Oseen vortex model and enstrophy as the transform variable. Table 2 shows the detection results using three difference schemes with relative errors. It is seen that the result using RDS is the best while VMM is the worst for vortex radius . For vortex circulation, the result using CDS is the worst, and RDS performs better for vortex number 1 and vortex number 3 than VMM except for vortex number 2. Overall, the detection accuracy would be degraded if the vortex is too weak, and RDS should be preferred to CDS and VMM. 
Effects of Grid and Scale Discretization.
The sensitivity of vortex detection result on the grid size is studied in this section. We select one coarse grid (51 × 51) and one fine grid (101 × 101) for comparison. Detection was carried out using the Lamb-Oseen vortex model and enstrophy as the transform variable, and the derivatives were approximated by RDS. Table 3 shows the detection results using two grids with relative errors. The relative errors for vortex radius and circulation detection results are all less than 3% on the fine grid, which is a much great improvement compared to those on the coarse grid. In other words, there should be at least around 10 grid points in the vortex core to characterize vortical structure in a high accuracy. The discretization of the scale is another important parameter which could affect the detection accuracy. Here we choose two scale discretization intervals for comparison, that is, = Δ and = 0.2Δ, where Δ is the discretized grid size. Detection was carried out using the Lamb-Oseen vortex model and enstrophy as the transform variable, and the derivatives were approximated by RDS on a 101×101 grid. The detection results and relative errors are listed in Table 4 . It is shown that the detection accuracy can be improved by reducing the discretization interval of the scale , and the detection result of the vortex with large radius (vortex number 2) is more sensitive to the value of .
Effects of Transform Variable and Vortex Model.
In this part, we analyze the performance of transform variable, that is, the vorticity, enstrophy, and the second invariant of velocity gradient tensor, on vortex detection. Detection was carried out using the Lamb-Oseen vortex model and the derivatives were approximated by RDS on a 101 × 101 grid. In Table 5 , it is seen that the detection result based on enstrophy is a little better than the other two in general. Furthermore, we compare the detection results using Lamb-Oseen and Rankine vortex models. Detection was carried out using the enstrophy as transform variable and the derivatives were approximated by RDS on a 101 × 101 grid. Table 6 shows the detection results, and the use of Rankine vortex model leads to a relative deviation of detection around 25%. It is not surprising since the synthetic flow is made of Lamb-Oseen vortex. 
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Vortex Detection for Propeller Wake
In this section, the CWT based vortex detection method was used to identify and characterize vortex from a propeller tip. The propeller wake analysis is an active topic in hydrodynamics and marine engineering; see [28] [29] [30] [31] [32] [33] , for instance. However, few attempts have been carried out to extract vortex features quantitatively in propeller wake. The experiment was conducted in the cavitation water channel of China Ship Scientific Research Center. The cavitation water channel has a test section with 3200 mm in length and 800 mm in diameter. The water speed is 3∼20 m/s. Standard propeller DTMB-P4119 with diameter of 250 mm was used in the present study. It is a right-handed three-blade propeller with the hub/diameter ratio of 0.2 and radius of 0.1 m without pitching. In the experiment, the freestream speed is 4.32 m/s, the propeller revolution frequency is 20 Hz, and the advance coefficient is 0.863.
The propeller and PIV system is schematically shown in Figure 2 . Two Surelite II-10Na-YAG solid pulsed lasers were used as the light source which illuminated the flow field from side window of the water tunnel. One Megaplus 2.0 CCD camera (2048 pixels × 2048 pixels) with a Nikon 50f1.4 lens was used to record the particle image. Pollen pini which is 40 m in diameter was adopted as tracer particles. Phase-averaged velocity field was obtained by averaging of 50 sets of velocity data in the same rotation phase. Phaseaveraged vorticity distribution at a specific instant is shown in Figure 3 , in which the tip vortex shed from the propeller can be identified. The derivatives of velocity were calculated approximately using the Richardson difference scheme. The detected trajectory of propeller wake vortex is displayed in Figure 4 , from which an obvious radial contraction phenomenon is observed. The radial contraction of propeller wake in near-wake region has been reported by many studies [28] [29] [30] [31] [32] . We compared the effect of different transform variables on detection results. As in Figure 5 for evolution of the propeller vortex radius and circulation along its trajectory, it is found that the detection results are more scattered by using 2 and than as the transform variable. Outputs by the Lamb-Oseen and Rankine vortex models were compared in Figure 6 , and there are some quantitative differences between them but the detection results are similar qualitatively. We also compared the tangential velocity distributions between experimental measurement and reconstructions from detection result and vortex models, as shown in Figure 7 . The vortex model parameters were determined from detection results using vorticity as the transform variable. It is observed that the Lamb-Oseen vortex model behaves better than the Rankine model near the edge of vortex, while they both underpredict the tangential velocity in the region away from vortex core.
Conclusions
The continuous wavelet based vortex detection method is analyzed and applied to propeller wake analysis in this paper. And a method based on the Rankine vortex model is given, which is a new attempt. The final conclusions are drawn in the following:
(1) According to the detection results for a synthetic flow, it is suggested that the Richardson difference scheme is preferred to the central difference scheme and the velocity moment method for derivatives approximation. For the requirement of grid discretization, there should be at least 10 grid points in the vortex core region to achieve high accuracy. The detection can be improved by reducing the discretization interval of the scale parameter. (2) Also based on the results for the synthetic flow, the detection result using enstrophy as transform variable is a little better than using vorticity and the second variant of velocity gradient tensor. The use of the Rankine vortex model would lead to a relative detection error of 25% or so for a Lamb-Oseen vortex.
(3) By applying the CWT based vortex detection method to a propeller flow measured from PIV, it is found that the propeller tip vortex center presents a radial contraction pattern, and the detection results for vortex radius and circulation are more scattered by using enstrophy 2 and than vorticity . The reason for the scattering is not clear and we speculate it to be environmental noise and insufficient spatial resolution of PIV measurement. Therefore, how to improve the performance of the CWT based vortex detection method for a flow field with significant noise and insufficient spatial resolution should be studied in future. JB140418). The authors are grateful for helpful discussion with Dr. Christian Cierpka on the wavelet transform.
